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public static int binarySearch(int[] a, int key)
{
int lo = 0, hi = a.length - 1;
while (lo <= hi)
{
int mid = 1lo + (hi - lo) / 2;
if (key < a[mid]) hi = mid - 1;
else if (key > a[mid]) 1lo = mid + 1;
else return mid;

}

return -1;
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public static int binarySearch (int[] a, int key, int lo, int hi)
{
if (hi < lo) return -1;
int mid = lo + (hi - lo) / 2;
if (key < a[mid])
return binarySearch(a, key, lo, mid - 1);
else if (key > a[mid])
return binarySearch(a, key, mid + 1, hi);
else return mid;
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private static void merge (Comparable[] a, Comparable[] aux, int lo, int mid, int hi)

{

assert isSorted(a, lo, mid) ; // precondition: a[lo..mid] sorted

assert isSorted(a, mid+1l, hi); // precondition: a[mid+1l..hi] sorted

for (int k = lo; k <= hi; k++) S
aux[k] = a[k] o

int 1 = 1o, j = mid + 1;

. . Y

for (int k = lo; k <= hi; k++)
{

if (i > mid) alk] = aux[j++];

else if (j > hi) alk] = aux[i++];

else if (less(aux[j], aux[i])) al[k] = aux[]j++];

else alk] = aux[i++];
}
assert isSorted(a, lo, hi); // postcondition: a[lo..hi] sorted
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Aol oo Jo Oyle aSST Ka 09 oo Litwl 590 cel gl> o assert jgios O

assert isSorted(a, 1lo, hi);|

Dges Jld e b Js 1zl ey o l,assert oljgiws g5 o O

java —ea MyProgram; // enable assertions
java —-da MyProgram; // disable assertions (default)
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public class MergeSort

{

private static void merge (Comparable[] a, Comparable[] aux, int lo, int mid, int hi)
{ /* see slide 27 */ }

private static void sort(Comparable[] a, Comparable[] aux, int lo, int hi)

{

if (hi <= lo) return;
int mid = lo + (hi - 1lo) / 2; lo

mid hi
sort (a, aux, lo, mid); -----
sort (a, aux, mid+1l, hi);
merge (a, aux, lo, mid, hi);

}

public static void sort (Comparable[] a)

{
Comparable[] aux = new Comparable[a.length];
sort(a, aux, 0, a.length - 1);




lo hi

'
merge{a, 0, 0, 1)
merge(a, 2, 2, 3)

mergef{a, 0, 1, 3)
merge{a, 4, 4, 5)
merge(a, 6, 6, 7)

merge{a, 4, 5, 7)

merge(a, 0, 3, 7)
merge{a, 8, 8, 9)
merge(a, 10, 10, 11)

mergef{a, &, 9, 11)
merge(a, 12, 12, 13)
merge(a, 14, 14, 15)

merge(a, 12, 13, 15)

merge(a, &, 11, 15)
merge{a, 0, 7, 15)
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% Java TraceMerge MERGESORTEXAMPLE
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private static void sort (Comparable[] a, Comparable[] aux, int lo, int hi)

{

if (hi - lo + 1 <= CUTOFF) Insertion.sort(a, lo, hi);
int mid = 1lo + (hi - lo) / 2;

sort (a, aux, lo, mid);

sort (a, aux, mid+1l, hi);

merge (a, aux, lo, mid, hi);
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private static void sort (Comparable[] a, Comparable[] aux, int lo, int hi)

{

if (lo <= hi) return;

int mid = 1lo + (hi - lo) / 2;

sort (a, aux, lo, mid);

sort (a, aux, mid+l, hi);

if ('less(a[mid+1l], a[mid])) return;
merge (a, aux, lo, mid, hi);
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private static void merge (Comparable[] a, Comparable[] aux, int lo, int mid, int hi) {
int i = lo, j = mid + 1;
for (int k = lo; k <= hi; k++) {

if (i > mid) aux[k] = a[j++];
else if (j > hi) aux[k] = al[i++]; aux[] vall ;I P&,
else if (less(a[j]l, al[il)) aux[k] = a[j++];
else aux[k] = a[i++];

}

private static void sort(Comparable[] a, Comparable[] aux, int lo, int hi) {
if (hi <= lo0) return;
int mid = lo + (hi - 1lo0) / 2;
sort (aux, a, lo, mid);
sort (aux, a, mid+l, hi); aux[] gal] o/ paw
merge (aux, a, lo, mid, hi);)
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?ublic»sioﬁc void quicksort(char(] items, int left, int right)
int ‘l i;
charx, y;

i = left; | = right;
x=ﬂcms[(hﬁ+l‘fs|l‘”2l:

! A_<s¢&&(l<nghﬂ)u++,
m“ﬁﬂ'ﬁ”l--

—
£
=2
5
T
A

}
} while (i <= i);

if (left < j) quicksort(items, left, jj;
S if (i < right) quicksort(items, i, right);
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input Q U I C€C K S O R T E X A M P L
shuffle K R A T E L E P U I M Q C X 0 S

partition E C A I E K L P U T M Q R X 0 S
slus b 5 gl Sslus & 7Sy
sort left A C E E I K L P U T M Q R X 0 S
sort right A~ ¢ E E T K L ™M O P Q R S T U X
A C E E I K L M O P Q R S T

result _
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private static int partition(Comparable[] a, int lo, int hi) s
{ :
int i = 1o, j = hi + 1; M
while (true) A A
{ To hi
while (less(a[++i], a[lo]))
if (i == hi) break; Jdsb ,»
while (less(a[lo], a[--31)) vl =Y =Y
if (j == lo) break; A A
i j
if (i >= j) break;
exch(a, i, j);
} t
<V v > vV
exch(a, lo, j); A A
return j; To hi
}
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public class Quick {

private static int partition (Comparable[] a, int lo, int hi)

{ }

public static void sort (Comparable[] a) ({

StdRandom. shuffle (a) ; yobio v Gl,T @5 p
sort(a, 0, a.length - 1); 1¢Mﬁdﬁﬂbdbybﬂhv

}

private static void sort (Comparable[] a, int lo, int hi) {

if (hi <= lo) return;

int j = partition(a, lo, hi);
sort(a, lo, j - 1);

sort(a, j + 1, hi);
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private static void sort (Comparable[] a, int lo, int hi) ({

if (hi - lo + 1 <= CUTOFF) {
Insertion.sort(a);
return;

}

int j = partition(a, lo, hi);

sort(a, lo, j - 1);

sort(a, j + 1, hi);
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private static void sort (Comparable[] a, int lo, int hi)
{

if (hi <= low) return;

int m = medianOf3(lo, lo + (hi - lo0)/2, hi);

ecxh(a, lo, m);

int j = partition(a, lo, hi);
sort(a, lo, j - 1);
sort(a, j + 1, hi);
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public static Comparable select (Comparable[] a, int k)

{ k < j k > 3
?tiRindomésh;ffle(ai; o . b%4tuww I, cawl,
int lo = 0, hi = a.len -1; .

. . & ¢ st o st
while (hi > 1lo0) \ //
L . . \ 7

int j = partition(a, lo, hi);

if (k < §) hi = 3 - 1; =V VI =2V

else if (k > j) lo = § + 1; ! A !

else return alk]; ° ! 1

}

return alk];
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Time Bounds for Selection

by .

Manuel Elum, Robert W. Floyd, Vaughan Pratt,
Ronald L. Rivest, and Robert E. Tarjan

Abstract
The number of comparisons required to select the i-th smallest of
n numbers iz shown to be at most a linear function of n by analysis of

a new selection algorithm —— PICK. gpecifically, no more tham

:j.hjné n comparisons are ever required. This bound is improved for
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m, = (ay, + ay,)(by; + by))

m, = (dy + ay,) by,

ms = dy (b, - by,)
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